We investigate the problem of a single ion in a radio-frequency trap and immersed in an ultracold Bose gas either in a condensed or a non-condensed phase. We develop master equation formalism describing the sympathetic cooling and we determine the cooling rates of ions. We show that cold atomic reservoir modifies the stability diagram of the ion in the Paul trap creating the regions where the ion is either cooled or heated due to the energy quanta exchanged with the time-dependent potential.
I. INTRODUCTION
Hybrid systems combining cold atomic gases with single ions or ionic crystals attract an increasing attention [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . They have been proposed for implementation of quantum gates [11] [12] [13] , realization of new mesoscopic quantum states [14, 15] , probing quantum gases [16] , studying controlled chemical reactions at low temperatures [4, 6, 7, 17] or emulating some well-known condensed-matter physics phenomena [18, 19] . The theoretical framework to describe atom-ion collisions in the quantum regime has been developed [20] [21] [22] [23] [24] [25] [26] , however the ab-initio potentials [17, [27] [28] [29] [30] [31] are not known with accuracy sufficient for precise determination of scattering lengths. Their values can be measured in experiments, for instance by applying technique of Feshbach resonances [22] , provided the ions immersed in cold atomic gas are cooled down to the quantum regime where scattering takes place only in the lowest partial waves. Such low temperatures can be reached, for instance, via sympathetic cooling of ions in contact with cold atomic reservoir [5, 32, 33] . This method, however, suffers both due to some technical issues (e.g. excess micromotion [9] ), or due to some fundamental limitations resulting from the ion dynamics in the time-dependent Paul trap [5, 32, 34, 35] . Apart from the Paul traps there are first successful experimental attempts on optical ion trapping [36, 37] . So far the problem of atom-ion sympathetic cooling has been studied only in the classical regime [35, 38, 39] . The purpose of this paper is to provide a consistent framework to describe the process of sympathetic cooling in the quantum regime and to study its limitations for experimental systems where a single ion is immersed in a Bose-Einstein condensate [2, 3] .
The paper is organized as follows. In Sec. II. we introduce the master equation formalism and discuss two reservoirs: an non-condensed ultracold gas and a BoseEinstein condensate. A regularization of an atom-ion interaction potential is presented in Sec. III. Next, in Sec. IV. we derive the master equation. After that, in Sec. V. we discuss the evolution of the position operator in the time-dependent Paul trap. In Sec. VI. we present the equations of motion of the ion in contact with the cold reservoir. Finally, in Sec. VII. we discuss the ion cooling rates and stability regimes for different experimental parameters.
II. MASTER EQUATION FORMALISM
We describe the system treating the atomic gas as a reservoir, and deriving an effective equation for the dynamics of the ion. The total Hamiltonian consists of the following parts:Ĥ =Ĥ S +Ĥ R +Ĥ RS , whereĤ S is the Hamiltonian of the ion [40] 
where the time-dependent trapping frequency consists of the static and dynamic parts: ω 2 j (t) = Ω 2 1 4 (a j + 2q j cos (Ωt)) and j = x, y, z is a spatial direction. Here,p = (p x ,p y ,p z ) andr = (r x ,r y ,r z ) denote the momentum and position operators, respectively, M is the ion mass and Ω is the radio frequency of the dynamic part. A homogeneous gas of atoms is described bŷ
is the field operator, L is the size of the quantization box, a k is the annihilation operator for mode k, ω k is energy of this mode,p a is the atomic momentum operator, m is the atomic mass, and g = 4π 2 a/m is the interaction constant with a denoting the s-wave scattering length. The ion-atom interaction is given byĤ
where V (r) is the atom-ion interaction potential. In our approach we treat the atomic gas in the second quantization formalism, while the ion is described by position and momentum operators.
For an ion immersed in a Bose-Einstein condensate (BEC) we describe the reservoir in a Bogoliubov approximationĤ
whereb † q andb q are the creation and annihilation operators for Bogoliubov excitations with momentum q and energy ε(q) and E 0 is the ground state energy of the superfluid. Even in the ground state of the Paul trap the speed of motion of the ion is typically much larger than the speed of sound in the condensate, and ion couples only to the particle part of the Bogoliubov spectrum ε(q) ≈ 2 q 2 /(2m). The ion and the superfluid are coupled by the density-density interaction [41, 42] 
where δρ(r) =Ψ †Ψ − ρ 0 andΨ = √ ρ 0 + δΨ is the quantized field operator for the superfluid and ρ 0 is the condensate density, δρ ion (r ′ ) = δ 3 (r ′ −r) is the density operator of the position of the ion. The field operator for the excitations of the superfluid is given by [42] 
, where L is the size of a box, and we assume the periodic boundary conditions.
III. REGULARIZED POTENTIAL
Long range interaction between ion and atom is described by the polarization potential −C 4 /r 4 , but at short distances this potential is singular and it needs to be regularized. We introduce a regularized version of the polarization potential
that mimics at large distances the behavior of −C 4 /r 4 tail. For small separations between particles it supports a single minimum (cf. Fig. 1 ). The short-range repulsive part is finite, which simplifies numerical calculations. We choose b and c parameters in such a way, that scattering amplitude calculated in the first-order Born approximation
is equal to the exact scattering amplitude of the potential at zero energy. Here, q = |k− k ′ | is the magnitude of momentum transfer. In this way our description within the master equation formalism [43] , treating system-reservoir interactions in the Born approximation will be accurate for a single collision in the ultracold regime.
With the polarization potential one can associate a characteristic length R * = 2µC 4 / 2 1/2 and a characteristic energy E * = 2 / 2µ(R * ) 2 . We choose b, c parameters in such a way, that a scattering amplitude calculated in the first order Born approximation is equal to the exact scattering amplitude of the potential at zero energy. For example for b = 0.0781R ⋆ and c = 0.2239R ⋆ potential (6) supports a single bound state, its scattering length is equal a sc = R ⋆ and the zero-energy scattering amplitudes calculated exactly and from Eq. (7) are equal to −R ⋆ .
IV. MASTER EQUATION
The interaction Hamiltonian of the ion with the ultracold gas (Eq. (3)) can be rewritten explicitly aŝ
where V (r) denotes the interaction potential. It is easy to separate ion and reservoir operators in a general form used in derivation of the master equation [43] 
where the ion part readŝ
and c kk ′ is a Fourier transform of the interaction potential
Gas operators can be written down aŝ
General textbook form of a master equation for a reduced density matrix (page 8 in [43] ) after the Markov approximation readṡ
Here . . . R0 is a trace over the reservoir density matrix R 0 , tilded operators denote an interaction picture with respect to the noninteracting system (ion in a Paul trap Eq. (1)) and a reservoir (noninteracting gas Eq. (2))
where
t1 dτĤ S (τ )) is the timeordered evolution operator of an ion immersed in a Paul trap. Let us consider the free evolution of the gas operatorsΓ
We denote the mean occupation number of the atomic modes asn
and µ denotes the chemical potential, k B is the Boltzmann constant nad T is a temperature. Using the commutation relations for creation and annihilation operators we are able to eliminate the reservoir degrees of freedom and rewrite the master equation with an explicit form of gas correlation functionṡ
In the next step we transform the master equation back from the interaction picturė
After changing the order of terms in commutators and of the summation indices in the last line of (17) and
For any operatorx we definê
In case of a time independent Hamiltonian this would reduce tox(t, −τ ) = U † (0, −τ )xU (0, −τ ). However, we note that in a Paul trap the evolution cannot be reduced to the single evolution operator with the time difference as in energy-conserving system, since
The integration over τ in the master equation is dominated by short timescales, because correlation functions in a large reservoir vanish quickly in time.
In this way we can extend the integration limit up to the infinity, as is usually done in the derivation of the master equation [43] . Substituting an explicit form of operatorŝ
In case of a non-condensed buffer gas the dynamics of the reduced density operatorρ obtained by tracing over the reservoir modes, derived within Born and Markov approximations [43, 44] (21) can be straightforwardly rewritten in a compact forṁ
(22) where k and k ′ are the quantized wave vectors of atoms in a box of size
. For the Bose condensed reservoir in order to derive the master equation we use the interaction Hamiltonian given by Eq. (5) instead of Hamiltonian (8) and we describe the reservoir in the Bogoliubov approximation (Eq. (4)). All the following steps of the derivation are analogous to the non-condensed case: (i) we start with the general textbook form of the master equation for a reduced density matrix after the Markov approximation (Eq. (13)), (ii) perform the trace operation with respect to the BEC degrees of freedom, (iii) transform back from the interaction picture, (iv) extend the time integration up to the infinity. Therefore in case of the BEC reservoir the master equation readṡ
denotes the mean occupation number of the Bogoliubov quasiparticles. We note that the master equation for a BEC (Eq. (23)) is equivalent to the low temperature limit of the master equation for the non-condensed gas (Eq. (22)). This is because of the fact that for typical parameters the ion couples only to the particle region of the Bogoliubov excitations.
V. TIME DEPENDENCE OF THE POSITION OPERATOR
In order to determine the coefficients of master equations (22) and (23) we have to find the evolution of the position operatorr(t, −τ ) of the ion in a Paul trap in the absence of the ultracold gas. We start from Heisenberg equations of motion for positionṙ j =p j /M and momentumṗ j = −M ω 2 j (t)r j derived with help of Hamiltonian from Eq. (1), where j = x, y, x denotes the direction in space. Their combination leads to the second order differential equationr
where the time-dependent trapping frequency consists of the static and dynamic parts:
4 (a j + 2q j cos (Ωt)), as was defined before.
Above equation has two linearly independent C-number solutions u j (t) and u j (−t), where
inΩt , u j (0) = 1 and C j n are expansion coefficients of Mathieu functions describing the time evolution of a single ion in a Paul trap and (β j /2)Ω is an effective secular frequency [40] . Eq. (24) does not have the first order derivative, so the Wronskian of u j (t) and u j (−t) is constant in time
is called a reference harmonic oscillator frequency. One can also define two other Wronskians between position operator and u j (t), which is proportional tô (26) or between position operator and u j (−t), which is proportional tô
Since Wronskians of Eq. (24) must be constant in time, operatorsĉ j,1 (t) andĉ j,2 (t) are constant. For β j real one can show that they are equivalent to creation and annihilation operator (respectively) of the reference harmonic oscillator of frequency ν j [40] . Both of the above equations connectr
with their values for t = 0 (r j (0) ≡r j andp j (0) ≡p j ). Multiplying Eqs. (26), (27) by u j (−t) and u j (t), respectively, adding the first one to the second one and using Eq. (25) we can expressr j (t) as a function ofr j (0) andp j (0).
Basing on Heisenberg equations of motionp j = Mṙ j we can expressp j (t) also as a function ofr j (0) andp j (0).
Starting from Eqs. (28) and (29) it is straightforward to derive the following result
and
Now we are able to calculate
where we have used the identity U † (0, t) ≡ U (t, 0). With help of Eqs. (30) and (31) 
VI. EQUATIONS OF MOTION
We expand exponential terms of master equation (Eq. (21)) in the small Lamb-Dicke parameter ζ = a i /λ T up to the second-order terms, where a i = /(M ν) is a length scale of the secular potential with a reference oscillator frequency (which is comparable to the size of the ion wavefunction) and λ T = 2π 2 /(mk B T ) is de Broglie wavelength, with T denoting the temperature of the reservoir (a typical change of the atomic momenta (k − k ′ ) during a single atom-ion collision is of the order of λ
where j = x, y, z. We note that the terms with odd powers of (k j − k ′ j ) vanish due to the symmetric summation in the master equation. Every odd term of the expansion is antisymmetric in (k j − k ′ j ), so the first neglected term is of the fourth order in a small Lamb-Dicke parameter ζ. The master equation exact up to the third order in ζ is given bẏ
We note that in this approximation spatial directions are not coupled. In order to derive equations of motion for expectation values of position and momentum operators we multiply master equation for ultracold gas or BEC, respectively, byr orp operators and perform tracing over ion degrees of freedom. In this way we obtaiṅ
where in general, expectation values are defined as follows
Similar procedure may be applied to equations involving expectation values of operators quadratic in position and momentum
Coefficients in Eqs. (36) and (39) have the following form
Here, G j η,δ (t) plays the role of the time-dependent friction force, where sequences of constants η jn and δ jn can be calculated for a given atom-ion potential, ν j is the frequency of a reference oscillator, β j /2 denotes a characteristic exponent, C j n , C j m are the coefficients in a solution of Mathieu equation of an ion in a Paul trap without the buffer gas [40] , and κ j is some coefficient that will be defined later separately for a condensed or a non-condensed reservoir.
One can check that free terms G j γ,−µ (t) and D j µ,γ (t) assure that the ion energy cannot drop below the ground state energy of the secular trap even if the temperature of the atomic gas is lower. µ jn and γ jn are sequences of constants depending on interaction potential. The form of Eq. (36) and Eq. (39) is general regardless of the interaction potential. They are valid both for an ultracold gas and a Bose-Einstein condensate, but the sequences of constants η jn , δ jn , µ jn , γ jn and κ j have different functional forms that will be introduced soon.
In order to derive their explicit form we use the following identity to calculate the integrals with respect to time variable
where s 1 and s 2 can be equal to +, − or 0 and δ(. . . ) and P . . . denote Dirac delta and Principal value distributions. With help of above relation and Eq. (35) in case of a reservoir consisting of a non-condensed Bose gas we obtain
,
For a Bose-condensed reservoir
.
In equations of motion (56) and (58) in the following text we omit contributions from principal values present in κ j , γ jn and δ jn coefficients. One can check that their main role is renormalization of the trap a j and q j parameters due to the interactions with surrounding atomic gas. In typical experimental realizations, such effects are negligibly small. Moreover, we have verified that omitting terms containing principal values do not change the cooling rate and the final energies of the ion for small a j and q j parameters, relevant for current experiments.
With this simplifications equations of motion reaḋ
In case of a Bose-Einstein condensateη jn can be calculated analyticallỹ
where a j i = /(M ν j ),q jn = 2mΩ|β j /2 + n|/ . The term n,m C j n C j mηjn cos ((n−m)Ωt) in the above equations plays the role of the time-dependent friction force, f (q jn ) denotes the scattering amplitude for potential V (r) calculated in the first-order Born approximation. Similar procedure may be applied to equations involving expectation values of operators quadratic in position and momentum, which yield
Free termμ jn assures that the ion energy cannot drop below the ground state energy of the secular trap even if the temperature of the atomic gas is lower. In case of a BEC it can be calculated analyticallỹ
The form of the equations of motion is similar to classical equations describing particle in harmonic potential with time-dependent frequency and time-dependent damping. For small a j , q 2 j ≪ 1 (typical in experimental realizations) and sufficiently small gas density only limited number of terms in sums containing gas-dependent coefficients would be important from the point of view of the dynamics.
In order to solve Eq. (56) we use the following ansatz v(t) = ∞ n=−∞ w n e iλΩt e inΩt (similar to used in [13, 45, 46] ), while for Eq. (58) we use v(t) = ∞ n=−∞ w n e iλΩt e inΩt + ∞ n=−∞ u n e inΩt where v(t) represents (r(t), p(t)) for Eq. (56) and (rp(t) + pr(t), r 2 (t), p 2 (t)) for Eq. (58), and λ is a complex-valued characteristic exponent. Real part of λ describes the secular frequency of oscillations of the ion in an effective trap and the imaginary part describes the cooling rate (see Figs. 2 and 4) . In case of cooling (ℑ(λ) > 0 -discussed below) the first part of the ansatz for Eq. (58) goes to zero for large times and the second one represents the asymptotic solution with u 0 being the average value of v(t) with respect to the time scale given by the RF frequency Ω.
VII. COOLING RATES
Let us analyze the ion dynamics for some typical ex- perimental parameters. Fig. 2 shows the cooling rates of a Ba + ion immersed in an ultracold gas of Rb atoms for parameters similar to used in the experiment [3] (middle panel) and for a weaker trap and a higher gas density (top panel). The bottom panel of Fig. 2 presents the cooling rates of Yb + ion immersed in an ultracold gas of Li atoms. The white color represents the unstable regions of the Paul trap without the buffer gas. In general there are three different regimes of ion dynamics immersed in an ultracold gas: (i) under-damped, (ii) over-damped harmonic motion, (iii) heating. They are marked as points α, β and γ, respectively in the top panel of Fig. 2 . In regime (ii) the ion motion is similar to over-damped harmonic oscillator. The real part of the characteristic exponent λ drops to zero and the energy asymptotically reaches its final value. However, there still exists the micromotion, that adds the periodic modulation of the energy. For parameters of Fig. 2(a) the region of over-damped motion dominates, but this is only due to relatively weak trapping and high density of the atomic gas. In typical experimental realizations, however, the stability region corresponds mainly to the cooling behavior of the underdamped motion, see Fig. 2(b) .
The time dependence of the energy for three described regimes is shown in Fig. 3 , for parameters corresponding to points α, β and γ, respectively (cf. Fig. 2 (a) ). In the regime represented by point α (upper panel) the ion energy decreases exponentially in time while the secular frequency of the trap is renormalized in the presence of cold reservoir. The inset shows the asymptotic behaviour at large t. Since the energy is not conserved in the presence of time-dependent potential, one can observe remaining oscillations around the final value. For point γ (bottom panel) the motion of the ion is unstable -it gains energy exponentially from the time-dependent trap. The pink line depicts the growing amplitude of the oscillatory motion. For parameters of point β (middle panel) one can observes the net cooling effect (green line), after averaging out over fast micromotion. However, the time-scale of cooling in this regime is much longer than for cooling in region represented by point α. Fig. 4 shows the imaginary part of the characteristic exponent λ for an isolated ion (left panel) and for the ion immersed in cold reservoir (right panel) for parameters of Fig. 2(a) . For values larger than zero the ion motion is being damped (regime (i) or (ii)), while for negative values the motion is unstable (regime (iii)). This figure explains the presence of three different regions of ion dynamics. In the absence of the buffer gas there are only two regions -stable and unstable and there is no cooling inside the stable region, because the imaginary part of the characteristic exponent is zero there. Introduction of the buffer gas increases ℑ(λ) and in the comparison to the isolated ion case a new region appears (all solutions marked in blue) where the ion motion is damped, and its energy decreases. There is a possibility of creating molecular states of an atom and an ion in the course of collisions. Such states have been predicted to emerge in a classical simulation of ion-atom collisions [35] in the presence of the timedependent RF potential. Ref. [35] shows that during the collision the particles can be bound for relatively long time, and the work performed by the time-dependent electric field constitutes a significant source of heating, shifting the final temperatures of ions in the sympathetic cooling up to mK regime. Our formalism neglects the effect of bound states association in the atom-ion collisions, but our analysis shows that this process should not be significant in the low-energy quantum regime, because the probability of creation of a molecular complex will be significant only when the resonance condition is fulfilled. In order to verify this assumption we estimated the probability of transition to molecular complex during a single collision using time-dependent perturbation theory. For Rb-Yb + collisions and a sc = R * = 307nm the probability of association of a molecular complex in a single collision is P = 0.007, while for a sc = −R * = −307nm is larger: P = 0.127. In the association process one or more energy quanta are transferred from the collision complex to RF field, and the probability of association strongly depends on the fulfillment of the resonance condition between the initial and final molecular states. Therefore, by appropriate selection of the trap parameters it should be possible to detune from the resonance, and finally reduce the probability of association.
VIII. CONCLUDING REMARKS
Based on the theory of quantum stochastic processes we have developed a master equation for the system in the time-dependent external potential, in which a single trapped ion is brought into a contact with an ultracold gas in a condensed or an non-condensed phase. We have investigated three different stability regimes of the ion motion. Furthermore, we have studied experimentally relevant sets of parameters and we have calculated cooling rates for Ba + ion immersed in a Rb atoms and Yb + ion immersed in a Li reservoir. In typical experimental realizations also so called excess micromotion constitutes an additional source of heating. We plan to investigate this issue in future research.
−307nm. The RF frequency in both cases was about 2π × 10MHz, and its exact value was chosen in order to be resonant with a molecular level resonant with the transition induced byH 2 (t) (dominating perturbation).
This should overestimate the probability of creation of a molecular state and in real experimental conditions one can always try to modify the RF frequency in order to detune from the resonance.
